Introduction.
In the classical Radon-Nikodym theorem, it is proved that for countably additive real valued measures on a σ-field of sets, the class of measures that are absolutely continuous with respect to a fixed measure μ is precisely the set of measures having a representation of the form Jfdμ for a μ-integrable function /. For bounded finitely additive measures on a field, these sets do not in general coincide. In this setting Radon-Nikodym theorems can have one of two goals: to characterize the absolute continuity class of μ or to provide necessary and sufficient conditions for a measure to have an exact Radon-Nikodym derivative with respect to μ. In the history of the Radon-Nikodym theorem for bounded finitely additive scalar measures, the characterization of absolute continuity was first to receive attention. Bochner [3] proved that in order for v to be absolutely continuous with respect to μ, it is necessary and sufficient that v be the limit in variation norm of a sequence of integrals of μ-simple functions. Variations of Bochner's theorem, all providing characterizations of absolute continuity in terms of limits of sequences of integrals, have been obtained for a variety of settings by Darst and Green [5] , Fefferman [7] , and Luxemburg [9] , among others. However, none of these provide an exact Radon-Nikodym derivative.
The first successful characterization of those bounded finitely additive real valued measures that have an exact Radon-Nikodym derivative with respect to μ was given by Maynard [10] . In addition to absolute continuity, the necessary and sufficient conditions he obtained require certain intricate behavior of the average range function A P (E) on the field, where A P (E) is the set of ratios v{F)/μ{F) for F c £, μ(F) Φ 0, which involves exhaustions of μ by related classes of sets. Maynard was able to simplify his conditions for those μ which admit an exhaustive Hahn 237 decomposition. He also suggested that the lack of suitable decompositions of the space was the reason that the classical Radon-Nikodym theorem did not extend to the finitely additive case.
In this paper, we introduce a separation property intermediate between disjointness and mutual singularity which generalizes Maynard's exhaustive Hahn decomposition. The two notions agree in the case where the measures to be separated are the positive and negative parts of a measure. This permits us to address the existence of exact Radon-Nikodym derivatives using separation properties without reference to the average range. The measures v which have exact Radon-Nikodym derivatives with respect to a fixed bounded finitely additive real valued measure μ are characterized in terms of absolute continuity and the separation property. Finally, using this result, we characterize those μ for which the classical Radon-Nikodym theorem holds. Subsequently, one of the authors [8] has shown that these measures also provide a characterization of those L p spaces that are complete.
Throughout this paper, Σ is a field of subsets of a nonempty set S and a measure is a bounded finitely additive function mapping Σ into R. Notations and definitions concerning the integral considered below follow Dunford and Schwartz [6, III] except that |μ| denotes the total variation of the measure μ and |/| denotes the function |/( )| The notation [/ e A] is shorthand for {s e S\f(s) e A}. Lattice theoretic properties may be found in [2] , [4] , or [12] . The symbol Λ is used for minimum both pointwise for functions and in the lattice theoretic sense for measures. More historical background of the problem is given in [10] . Most of the results of this paper were presented in [1] .
2. Separation properties. Recall that measures η and δ are said to be disjoint if |η| Λ |δ| = 0 and mutually singular if there exists £GΣ such that η(E) = 8(S ~ E) = 0. It is well known that a pair of measures may be disjoint without being mutually singular. DEFINITION 2.1. Suppose η, δ and v are measures on a field Σ. We say that η and δ are separated if there exist increasing sequences {V n } md{W n ] in Σ such that \im n^J η\(V n ) = \η\(S)Mm n^j 8\(W n ) = |δ|(S), and \η\(W n ) = |δ|(FJ = 0 for each n. In this case {V n } and {W n } is a separation of η and δ. A separation of v + and v~ is a Hahn separation of v.
It is easy to see that the sequences in 2.1 may be chosen so that V lΊ Π W» = 0 for each n and we will do so without mention.
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It is not difficult to construct proofs and examples showing that separation is strictly weaker than mutual singularity and strictly stronger than disjointness.
If Σ is a σ-field, then separation is equivalent to mutual singularity even if the measures are not countably additive. On the other hand even if Σ is a σ-field and one of the measures is countably additive, disjointness does not imply separation.
REMARKS. (1) Separation is a generalization of the notion of an exhaustive Hahn decomposition due to Maynard [10] which in our terminology is a Hahn separation.
(2) Rickart [11] has considered a type of one-sided separation relative to a fixed σ-ideal in a σ-field which produces the Lebesgue decomposition when the ideal consists of the zero sets of a positive countably additive measure. This is related to separation in the following way. Given an ideal / in a field Σ and a positive measure μ one may define the measure μ 7 by μj{E) = sup{μ(E Π A) \A e /} for E ^ Σ. One may then describe our separation in terms of ideals: positive measures η and δ are separated if and only if there are ideals / and / such that J r n/={0} 5 (τ} + δ) / = η and (η 4-δ) 7 
That separation is a useful analogue of mutual singularity in the present setting is indicated by the theorem below. THEOREM 
Let f and g be integrable functions with respect to a measure μ. Then ffdμ and / gdμ define separated measures if and only if I/I Λ \g\ is a μ-null function.
Proof. It suffices to prove the theorem assuming / and g are nonnegative functions and μ is a positive measure.
(->) Suppose that ffdμ and Jgdμ are separated by {V n ) and {W n ) respectively. Note that / Λ g is ju-integrable as it is μ-measurable and bounded by /. Then for each n > 1,
Hence, / Λ g is a μ-null function.
(<-) Now assume that / Λ g is a ju-null function. It is no loss of generality to assume that /Λg = 0 since (/ -/Λg)Λ(g -/Λg) = 0, I fdμ = /(/-/ Λ g) dμ and /gdμ = /(g -/ Λ g) </μ.
Select sequences of μ-integrable simple functions {f n } and {g w } determining / and g respectively (following [6, IΠ.2.17 ]) in such a way that μ*[|/ -/J > 1/2"] < l/2" + 1 and μ*[|g -g n \ > 1/2"] < l/2" + 1 for each n. Choose E n e Σ SO that μ(S -isj < 1/2" and
. Define, for each /?, the following sets in Σ: Next, for any positive integer n, E n Q V n U ^ U Q so that S=V n U W n UC n U(S~E n ) and ί fdμ< ί fdμ + f fdμ+ f fdμ+ ί fdμ.
Now fχ Wn =0 so that \ w Jdμ = 0 and since /χ Q < l/2"~\ f = ° Finally, ffdμ <^ μ and since μ(S ~E n ) < 1/2", rt fdμ = 0. Thus / 5 /rfμ = lim_^ /,, /dμ. That Is gdμ = lim^^ j w gdμ is entirely similar, proving that { V n ) and {W n } is a separation for //^μ and j gdμ.
Further properties of separated measures required in the next section are developed below. 
and is 8. Furthermore, (τi + δ)*(W) = δ(S).
Proof. The proof of (a) is routine. To prove (b), assume without loss of generality that η and δ are positive measures.
The functions χ Wn are (η 4-δ)-integrable simple functions whose limit in (η 4-δ)-measure is χ w since for any n and a > 0
for each n, the above argument also proves that (τ? + δ)*(£'n W) + δ) = 8{E) for £ e Σ.
3. Freudenthal projections. The manner in which μ will be decomposed involves certain lattice theoretic properties of the space ba(Σ) consisting of bounded finitely additive measures on a field Σ which we describe briefly below and refer the reader to [2] More precise notation would indicate that the measures defined above depend on the ordered pair (J>, μ), but since no confusion should result where the notation is used, this cumbersome detail is omitted.
REMARK. Since μ is a weak order unit in the order complete vector lattice of μ-continuous elements of ba(Σ), the functions μ x~ form a Freudenthal resolution of the unity (relative to v). Further details may be found in [2, p. 362] . As a special case of a result given there it follows that any μ-continuous v may be written as a type of Stieltjes integral relative to the variable x. Projections of this type were used in [9, Th. 3.3 ] to obtain a Bochner type characterization of absolute continuity. 
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Proof. We prove (e) only, as an illustration, since the other parts follow from similar properties of projections and ba(Σ). The proof requires the following property of projections [4, p. 105 4. An exact Radon-Nikodym theorem. We will need the following technical lemma. The sequences can be constructed inductively using elementary set theoretic operations. The details are left to the reader.
We are now ready to prove the Radon-Nikodym theorem for bounded finitely additive measures. k = 0,1,. .., p -1.
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Now let n > M. For any sejS 0~ B p , there is an i,
+ (S) < ε by Lemma 3.1 and μ y " = 0. Thus /" -» / in ju-measure, proving the μ-integrability of /.
Again, let n > M in the set-up above. For k = 1,2,... ,p -1, let μ A = μ v A .
+ _ juΛ+1+5 ^ = yΛ+ _ pΛ+1+ and ^ = 5,-5,^ = 1. By 
Thus Jf n dμ -> v in variation, completing the proof when v is a positive measure. Now let v be a signed measure such that v «: μ and v -xμ has a Hahn separation for each x Φ 0. For Thus, in the case of σ-fields, Maynard's suggestion that the classical Radon-Nikodym fails to hold in the finitely additive case because of the lack of Hahn decompositions is confirmed.
REMARK. If, in addition to Σ being a σ-field, \v\ < kμ for some KR, then the representing function / can be obtained as a uniform limit of simple functions on Σ. This leads to the following observation, similar to one given in [9, 48] : v may be represented by a uniform limit of simple functions on Σ if and only if v -xμ has a Hahn decomposition for each x Φ 0. The following example shows that this does not hold on arbitrary fields. Let Σ be the field of finite subsets of N and their complements. Let a n be the 0-1 valued measure at n for each n. Let Then v = /fdμ where f(k) = 14- (-l) k /k for every k, while v -1 μ does not have a Hahn decomposition.
The conclusions in Theorem 4.2 remain valid when μ is a signed measure which has a Hahn separation, but when no such separation exists, condition (b) is not necessary for the existence of /. Take for example a signed measure μ which does not have a Hahn separation and let v = μ. Then p = jldμ, yet v -xμ has no Hahn separation for x Φ 1. The modification required for the case where μ is a signed measure is contained in the theorem below. This makes use of the signed projection onto μ: P [μ] (λ) = P μ+ (λ) -P μ -(λ). Note that P [μ] (p -xμ) = P [μ] (p) -χ\μ\. Proof. The identities P |μ| = P^μ ] and P [μ] (jfd\μ\) = /fdμ together with an application of Theorem 4.2 to P[ μ ](v) and |μ| produce the conclusion.
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We can now characterize the measures μ for which v «: μ is equivalent to v = ffdμ for some μ-integrable function /. For the case where μ is a signed measure, we use the fact that if there exists a μ-integrable function h such that |μ| = / hdμ, then μ = / hd\μ\ and conversely. If such a function h exists, we may assume it is bounded, in which case, whenever v <c μ, there exists a μ-integrable function / such that v = ffdμ if and only if there exists a μ-integrable function g such that v = Jgd\μ\(g = β).
Thus, it remains to show that either condition implies the existence of a function h such that /hdμ = |μ| or /hd\μ\ = μ.
Suppose that disjoint components of |μ| can be separated. Then by the proof above and μ <c |μ|, μ = j h d\μ\ for some μ-integrable function h.
Next, assume that each measure v «: μ can be expressed as an indefinite integral with respect to μ. Then \μ\<^i μ so \μ\ = j hdμ for some μ-integrable function h. This completes the proof.
Finally, we note that the classical Radon-Nikodym theorem for real valued countably additive measures on a σ-field is an immediate consequence of these results since in that setting all of the measures in question have Hahn decompositions and hence condition (b) is trivially satisfied.
